Abstract. The domain Ᏸ(δ) of a closed * -derivation δ in C(K) (K : a compact Hausdorff space) is a generalization of the space C (1) [0, 1] of differentiable functions on [0, 1]. In this paper, a problem proposed by Jarosz (1985) is studied in the context of derivations instead of C (1) [0, 1] .
Let K 1 and K 2 be two compact Hausdorff spaces. C(K i ) denotes a space of all complex valued continuous functions on K i (i = 1, 2). Let T be a surjective linear isometry from C(K 1 ) to C(K 2 ). Then the Banach-Stone theorem states that there exist a homeomorphism τ from K 2 to K 1 and a function w in C(K 2 ) with |w(y)| = 1 (y ∈ K 2 ) such that
T f (y) = w(y)f τ(y)
for f ∈ C(K 1 ), y ∈ K 2 .
(1)
That is, the existence of a surjective linear isometry between C(K 1 ) and C(K 2 ) implies that K 1 and K 2 are homeomorphic. Amir [1] and Cambern [2] extended this theorem from this viewpoint as follows.
Theorem 1 (see [1, 2] ). If there is a surjective linear isomorphism T : C(K 1 ) → C(K 2 ) such that T T −1 < 2, then K 1 and K 2 are homeomorphic.
Let X be a compact subset of the real line R and C (1) (X) be the space of continuously differentiable functions on X with the Σ-norm defined by f Σ = sup x∈X |f (x)|+ sup x∈X |f (x)|. In [4] , Jarosz proposed the following question: "Is there a positive ε such that for any compact subsets X, Y of the real line R and any linear isomorphism T : C (1) (X) →
C (1) (Y ), T T −1 < ε implies that X and Y are homeomorphic?"
In [5] , Jun and Lee obtained some partial answers for this question.
Theorem 2 (see [5] ). Let X and Y be compact subset of R and X ⊂ [a, b] and Y ⊂ [c, d] . If T is a linear isomorphism between C 1 (X) and C 1 (Y ) which satisfies Theorem 3 [5] . Let X and Y be compact subsets of R and X ⊂ n i=1 [ 
then X and Y are homeomorphic.
In this paper, we consider this problem from another viewpoint. To the end, we recall a closed * -derivation.
Let K be a compact Hausdorff space and C(K) denotes the space of all complex valued continuous functions on K with the supremum norm · ∞ . A closed * -derivation δ in C(K) is a linear mapping in C(K) satisfying the following conditions:
(1) The domain Ᏸ(δ) of δ is a norm dense subalgebra of C(K).
e., δ is closed as a linear operator). We summarize useful properties of closed * -derivations which is used later frequently without references.
Property 4 [7] . For f (= f * ) ∈ Ᏸ(δ) and h ∈ C (1) 
, where h means the derivative of h.
Property 6 [7] . Let J 1 and J 2 be disjoint closed subsets of K. Then there is a function f ∈ Ᏸ(δ) such that
Now, for any fixed point x ∈ K, we define a linear functional η x • δ on Ᏸ(δ) by
Let K(δ) be the set of x ∈ K such that η x • δ ≠ 0, i.e.,
Then K(δ) is an open subset of K.
Throughout this paper, the norm in Ᏸ(δ) is given by
Then we note that for x 0 ∈ K(δ), the norm of a linear functional η x 0 •δ is 1 (see [6] ).
In [6] , we obtained the following result. 
In this paper, we consider Jarosz's problem in the same context as this theorem. 
The proof of this theorem is done along the line in [3] . Let K be a compact Hausdorff space satisfying the first countable axiom and let δ be a closed * -derivation in C(K).
The following two lemmas will be used in the rest of the paper.
Proof.
We take an open neighborhood V of x 0 such that V ⊂ U and take a function g ∈ Ᏸ(δ) such that
For c ε :
Then f := h(g ε )g ∈ Ᏸ(δ) has all required properties in Lemma 9.
Lemma 10. For x 0 ∈ K(δ) and ε (0 < ε < 1), there exists a sequence {f n } ⊂ Ᏸ(δ) such that
and
Proof. Since K satisfies the first countable axiom, there is a family {U n } of open neighborhood of x 0 such that U i+1 ⊂ U i and
Then
For each c n :
Then every f n := h n (g ε )g n ∈ Ᏸ(δ) has the properties required in Lemma 10.
Let W be the compact Hausdorff space W = K ×K ×T with the product topology. For
for (x, x ,z) ∈ W . Then we have f ∞ = f .
Proof of Theorem 7. Let
Define a linear isomorphismT of S 1 onto S 2 bỹ
ThenT is well defined since f →f is a linear isomorphism. We may assume that T −1 = 1 and 1 < T < 2. Then we have 
Hence we have
for f ∈ Ᏸ(δ 1 ).
In the following, we identify Φ and µ y 0 , y 0 , z 0 .
, is also defined in a similar way. Then we have
The following lemma shows that for
y, z, and any choice of norm-preserving extension ofT * L (y,y ,z) .
(20) 
From the uniform boundedness of T ,
Thus, we have
which implies that for
The statement (2) is also shown by the same argument as above. Now, let M 1 be any real number with (1 <) T < 2M 1 < 2. 
be at most one y ∈ K 2 with the property in the definition ofK 1 . Thus, the map ρ 2 of K 1 to K 2 is well defined by ρ 2 (x) := y if y is related to x as above.
The following lemma shows thatK i contains sufficiently many elements (hence, is nonempty).
in Lemma 10 such that
where
f n y, y ,z dµ
This contradicts with 1 − ε > M 1 .
Hence there exists (y 0 ,y 0 ,z 0 ) ∈ W 2 such that
Then, from Lemma 11 we have for arbitrary z ∈ T and any norm-preserving exten-
Thus, y 0 ∈K 2 ∩ K 2 (δ 2 ) and ρ 1 (y 0 ) = x 0 .
(2) For y 0 ∈ K 2 (δ 2 ) and 0 < ε < 1 − M 2 T , we take a family {g n } ⊂ Ᏸ(δ 2 ) in Lemma 10. The remainder of the proof is completed by the same way as above. Now, we state another important lemma which holds without the first countability axiom.
is regular, Since for all ε such that 0
For ε, U ε and ρ 2 (x 0 ), we take a function f ∈ Ᏸ(δ 2 ) in Lemma 9, then
Since
we have
From this and
we get
Thus
that is, x 0 ∈ K 1 (δ 1 ). This completes the proof.
by Lemma 12 and 0
Then, for arbitrary z ∈ T and any norm-preserving extension µ
by Lemma 11. Thus, x 1 ∈K 1 , ρ 2 (x 1 ) = y 0 , and
by Lemma 12. For y 0 ∈ K 2 (δ 2 ) and ε (0 < ε < 1), there exists a family {g n } ⊂ Ᏸ(δ 2 ) in Lemma 10. Then, since y 1 ≠ y 0 ,
Now, by Lemma 11,
On the other hand,
This contradicts to
By Lemmas 12 and 14, we have
Proof. We show that ρ 1 is continuous. Suppose that ρ 1 is discontinuous at y 0 ∈ K 2 (δ 2 ). Then there exists a sequence
There exists an open neighborhood V 1 (⊂ K 1 (δ 1 ) ) of x 0 such that for every n 0 there is n(≥ n 0 ) with x n outside V 1 
For x 0 ,U 1 , and ε, by Lemma 9, there exists a function f ∈ Ᏸ(δ 1 ) such that
From (46) and
we have 
For x n 1 ,U 2 , and ε, we take g(∈ Ᏸ(δ 1 )) in Lemma 9 such that
By the same way as above, we have 
Thus, if we choose a complex number λ 0 ∈ T such thatT (f )(y n 1 ,y n 1 , 1) and λ 0 (T (g))(y n 1 ,y n 1 , 1) have equal arguments, then
This is a contradiction. Therefore, ρ 1 is continuous on K 2 (δ 2 ). A similar argument shows that ρ 2 is continuous on K 1 (δ 2 ).
From Lemma 15, it follows that K 1 (δ 1 ) and K 2 (δ 2 ) are homeomorphic. Thus, all proofs of Theorem are completed.
